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In this lecture I discuss gravity in the light-front formulation (light-cone gauge)
and show how possible counterterms arise. We find that Poincaré invariance is not
enough to find the three-point counterterms uniquely. Higher-spin fields can intrude and
mimic three-point higher derivative gravity terms. To select the correct term we have
to use the remaining reparametrization invariance that exists after the gauge choice.
We finally sketch how the corresponding programme for N = 8 Supergravity should
work.
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1. INTRODUCTION

Einstein’s gravity theory is perhaps the most beautiful theory ever constructed.
It works over a fantastic range of scales. It is only when we approach Planck scales
that we believe that it has to be augmented. As a quantum field theory it is obviously
non-renormalizable, but if we only consider scattering amplitudes it works better than
expected. This was first shown in the famous paper by ’t Hooft and Veltman [1], who
showed that the S-matrix indeed was finite at the one-loop level. After a remarkable
effort Goroff and Sagnotti [2] finally showed that the two-loop on-shell amplitudes
are infinite. From a particle physicist’s point of view this means that the theory has to
be modified in order to be a perturbatively finite theory. Both the Superstring Theory
and the Supergravity theories are theories that avoid the problems of ordinary gravity
at lower loop orders and at the same time open up to fundamental theories including
all interactions. We have very strong indications that Superstring theories are indeed
perturbatively finite [3,4], and in the end this is where we should look for the Theory
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of Everything, but also the maximally supersymmetric (N = 8) supergravity theory
has shown remarkable quantum properties. For a review see [5]. There are strong
indications that the theory is perturbatively finite up to the seven-loop level. This
is based on both real hardcore numerical computations [6] as well as the possible
construction of counterterms [7–9]. However, as we will see in this paper the construction of counterterms is quite delicate and can never be the ultimate proof that
a theory does diverge. In order to prove finiteness we do need an analytic proof of
some kind.
Two of the analytic proofs [10, 11] for the finiteness of the sister theory the
N = 4 theory were based on light-front techniques (the light-cone gauge). We have
previously also set up ordinary gravity [12] as well as N = 8 Supergravity [13] in
this formalism. In this paper we will take that formalism further by asking what kind
of counterterms can be constructed in this formalism. We do not expect, of course,
to find anything but the already established results, but it is always interesting to
view the problem from a different perspective. We will see in the course of the calculations that we must have a very precise knowledge of all the symmetries of the
theory. The “lc2 formalism” of gravity [12] in which only the two physical degrees
of freedom are present can be seen as a (non-linear) representation of the Poincaré
algebra. This works in the construction of the gravity Lagrangian at least up to the
four-point coupling. However, we will find that in order to find the appropriate counterterms we have to impose a further symmetry. This can be seen as the remnant
of the reparametrization invariance once we have fixed the gauge to the light-cone
gauge and eliminated all unphysical degrees of freedom. The remaining (residual)
symmetry will look infinitesimally as a Virasoro-like symmetry in the tangent plane.
Hence gravity in this formalism can be viewed to a certain extent as a 2d conformal
theory imbedded in a 4d Poincaré invariant theory.
In section 2 we will set up gravity in the light-front formulation. We will do it
as a purely algebraic exercise and show that it gives a unique three-point coupling.
In section 3 we will find possible counterterms by closing the Poincaré algebra. We
will see that just finding a (non-linear) representation of the Poincaré algebra to that
order will not determine the counterterms precisely. This is discussed in section
4, where the solution to this dilemma is given. It amounts to realize that there are
contaminations from higher spins and we show that there is a remaining infinitesimal
reparametrization invariance in the transverse plane left which fixes the counterterms
uniquely. This symmetry contains indeed a Virasoro-like symmetry and in section
5 we discuss its further use and end in section 6 with a discussion how to take the
results from this paper over to the N = 8 Supergravity theory.
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2. GRAVITY IN THE LIGHT-FRAME FORMULATION

In the light-frame formulation we start by introducing light-frame coordinates
1
x± = √ (x0 ± x3 ),
2

1
∂ ± = √ (∂ 0 ± ∂ 3 ),
2

(1)

satisfying ∂ − x+ = −1 = ∂ + x− , and rewrite the transverse coordinates and its derivatives as complex entities
1
x = √ (x1 + ix2 ),
2
1
∂ = √ (∂1 + i∂2 ),
2
¯ = 1).
We use space-like metric (∂ x̄ = ∂x

1
x̄ = √ (x1 − ix2 ),
2
1
∂¯ = √ (∂1 − i∂2 ).
2

(2)
(3)

We write the Poincaré generators P µ and J µν with similar definitions and obvious notations as P + , P − , P and P̄ , and J + , J¯+ , J +− , J, J − and J¯− . Here J = J 12
is the helicity generator and measures the helicity of the field. According to Dirac we
can take any direction within the light-cone as the time axis and we choose then x+
to be the “time”. Since we are only going to look at massless fields we implement
the mass-shell condition Pµ P µ = 0 and write for the free theory
∂ ∂¯
.
(4)
∂+
The division with ∂ + is quite harmless and will be done in most formulae in the
sequel. It is a non-local operation which can be thought of as an integral. The relevant
formula to remember is
P − = −i

1
f (x− ) = f (x− ).
(5)
∂+
One can also Fourier transform it and then it corresponds to a pole in the momentum
p+ , and the burden is then to exactly define the pole. There are various descriptions
for that [11, 14]. Since P − is conjugate to the time x+ it is the Hamiltonian and p+
can be thought of as the mass in a non-relativistic analogy.
Since P − is the Hamiltonian it will get non-linear terms in the interaction theory. We will implement the Poincaré generators by letting them act as derivative
operators on the field. That will mean that the general form for the Hamiltonian will
be
∂ ∂¯
P − ϕ = δP − ϕ = −i + ϕ + F (ϕ, ϕ̄) + G(ϕ, ϕ, ϕ̄) + . . . .
(6)
∂
The equation of motion is found by setting
∂+

−i∂ − ϕ = P − ϕ.
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(7)

488

Lars Brink

4

All the generators with a (−) index such as J +− , J − , J¯− will be generators that
take the field forward in time. They will all have non-linear contributions. We will
construct the algebra at x+ = 0 which will mean that the generator J +− will still be
linear. After Dirac we call the linearly realized generators the kinematical ones and
the non-linearly realized ones the dynamical ones or the Hamiltonians.
When constructing the helicity generator one finds by closing the free algebra
the most general form to be
J = x∂¯ − x̄∂ − λ,
(8)
where λ is an arbitrary number. When closing the algebra at the three-point level one
finds it to be an integer, the helicity of the field. Here we only consider commuting
fields.
Let us now summarize the result of paper [12]. For any even spin λ one can
construct a three-point self-interaction according to the formula
"
#
 
X
¯(λ−n)
¯n
λ
∂
∂
(λ−1)
α
δP
(−1)n
∂+
ϕ n ϕ + f (ϕ, ϕ̄) + g(ϕ, ϕ, ϕ̄) + . . . .
−ϕ = α
n
∂ + (λ−n) ∂ +
n=0
(9)
In the case of odd spin we get the same formulae but we have to introduce fields
which carry a group index and we have to use a structure constant in the amplitude
to get a proper antisymmetry. The factor f (ϕ, ϕ̄) is determined by constructing the
integral term corresponding to the variation (9) in a second-quantized form. The term
we have computed will be of the form ϕ̄ ϕ ϕ. The term f above will then come from
the complex conjugate term. The Hamiltonian is real so we have to add the complex
conjugate term. By taking the variation with respect to ϕ̄ of that term will give us the
term f (ϕ, ϕ̄). We will hence get that term for free in our computations.
Let us now introduce a coherent state-like formalism [15]. We construct the
operators (partly for future use)
ˆ
¯

ˆ

E = ea∂+b∂

and

ˆ
¯

ˆ

E −1 = e−a∂−b∂ ,

(10)

with
¯
∂
¯= ∂
∂ˆ
and
∂ˆ = + .
∂+
∂
We can then rewrite the Hamiltonian variation as
h ˆ
i
ˆ
¯
¯
α
+(λ−1)
δP
ea∂ ϕ e−a∂ ϕ λ + f (ϕ, ϕ̄) + ...,
− ϕ = −iα ∂
a

(11)

(12)

where λ means that we expand to power aλ and keep only those terms. In ref. [12]
a
we give all the generators including the non-linear terms in the other dynamical generators. These expressions are unique if we insist on having a minimal power of
the transverse derivatives. We only expect the three-point coupling for the gravity
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case λ = 2 to be the beginning of an infinite series of higher-point functions of a
self-interacting theory. The higher-spin fields will necessarily couple to each other
bringing in all the higher-spins to get a consistent Poincaré invariant Hamiltonian.
3. COUNTERTERMS

A necessary condition for the computations above is that the coupling constant
α has dimensions length(λ−1) . This means that from gravity and upwards in spin the
coupling constant necessarily has a dimension and that the three-point coupling that
we have just shown cannot be unique. More derivatives in the interaction term can be
compensated by α to the appropriate power. Let us now specialize to the gravity case
and check the next type of terms that can be consistent with Poincaré invariance. We
now call the coupling constant for its real name κ and the fields for h and h̄.
3.1. ONE-LOOP COUNTERTERMS

The one-loop three-point counterterms in the Hamiltonian transformation are
of order κ3 and are quartic in transverse derivatives. A possible structure of the
Hamiltonian transformation that respects helicity is then
3
δ κ − h ∼ ∂ ∂¯3 h h + ∂ 3 ∂¯ hh̄.
P

3

κ h ∼ h h. Take the
As described above we only need to consider the first term δP
−
Ansatz, (which is not the most general one but enough for our purposes)


3
δPκ − h = κ3 ∂ +n E∂ +m h E −1 ∂ +m h 3 ,
(13)
a ,b

with the dimension constraint
n + 2m = 3 .

(14)

The boost transformations at one-loop are of the form
3

3

3

δJκ− h = − x δPκ − h + δsκ h,

3

3

3

δJκ¯− h = − x̄ δPκ − h + δs̄κ h.

(15)
κ3

3

Thus the boost transformations are determined if we know the spin parts δs h, δs̄κ h.
Comparing with the previous calculations, the spin parts of the boosts have to be
given by
h
i
3
δsκ h = gs κ3 ∂ +n E∂ +(m−1) h E −1 ∂ +m h 2 ,
(16)
a ,b
h
i
3
δs̄κ h = gs̄ κ3 ∂ +n E∂ +(m−1) h E −1 ∂ +m h 3 ,
(17)
a

where the coefficients gs and gs̄ will be fixed from commutation relations among
dynamical generators.
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The “coherent state-like” formulation makes all the commutations with the dynamical generators straightforward and they do not give any constraints. The nontrivial ones to check are
[ δJ¯− , δP − ] h = 0,

(18)

[ δJ − , δP − ] h = 0,

(19)

[ δJ − , δJ¯− ] h = 0.

(20)

The remarkable outcome of these calculations are as follows: (18) gives
gs̄ = 2 i (m − 1),

(21)

and (19) gives
gs = 2 i (m − 3),
(22)
while (20) does not yield any further constraint. The free parameter m is not determined! The technical reason for why this can happen at the one-loop level is that the
helicity constraint allows a non-zero term in δs̄g1 h, which is not allowed at the tree
level. We have a seemingly infinite series of possible three-point couplings that all
are consistent with the Poincaré invariance to this order in the coupling constant and
fields. Many of the terms are related which can be seen by looking at the integral
form of them, but still there are far too many.
In the work of ’t Hooft and Veltman it was shown that there should exist two different one-loop counterterms. In a covariant Lagrangian description they are proportional to R2 or Rµν Rµν , since any term proportional to Rµνρσ Rµνρσ can be written
in terms of the other two because of the Gauss-Bonnet theorem. It is also clear that
both the possible terms would be zero if one uses the mass-shell condition Rµν = 0.
How do we check if the counterterms that we have constructed would be zero
on shell? Here we will use a technique that we introduced when discussing possible
counterterms for 5d maximally supersymmetric Yang-Mills theory [16]. Consider
the following relation among coherent-state expressions.
h
 +m

ˆ¯ +m h E −1 ∂ +m h − E ∂∂
ˆ¯ +m h E −1 ∂∂
ˆ +m h
E∂ h E −1 ∂ +m h p q = E ∂ˆ∂∂
a ,b
i
ˆ
ˆ¯ +m h
ˆ +m h E −1 ∂∂
¯ +m h + E∂ +m h E −1 ∂ˆ∂∂
− E ∂∂
.
(23)
p−1 q−1
a

Suppose we now consider


 E∂ +m h E −1 ∂ +m h

ap ,bq

,b

=



1
¯ E∂ +m h E −1 ∂ +m h
− (∂ + ∂ − − ∂ ∂)
2

ap ,bq

(24)

and let the derivatives act on the expression. Every time we get ∂ − h we use the
¯
equations of motion to write it as ∂∂ +∂ h + O(h2 ).
RJP 58(Nos. 5-6), 485–501 (2013) (c) 2013-2013
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We then find that


 E∂ +m h E −1 ∂ +m h p q =
a ,b
h
i
+(m+1)
−1 +(m+1)
− 2 E∂
hE ∂
h

ap+1 ,bq+1

+ O(h3 ) .

(25)

Let us use now add in the possible counterterms in the equations of motion to get
i
h ˆ
ˆ
∂ ∂¯
¯
¯
i∂ − h =i + h − iα ∂ + ea∂ h e−a∂ h 2
∂
a
 +m

3 +n
+ f (h, h̄) + κ ∂
E∂ h E −1 ∂ +m h 3 + . . .
(26)
a ,b

Let us so use (25) to substitute for the last term to get an equation


−2ih = − iα ∂ + Eh E −1 h 2 + f (h, h̄)
a
i
1 3 +n h +(m−1)
− κ ∂
E∂
h E −1 ∂ +(m−1) h 2 + O(h3 ).
2
a
We can now make a field redefinition
h
i
i
h0 = h + κ3 ∂ +n E∂ +(m−1) h E −1 ∂ +(m−1) h 2 ,
4
a
to obtain the equation


3
−2ih0 = −iα ∂ + Eh0 E −1 h0 2 + f (h0 , h̄0 ) + O(h0 ).
a

(27)

(28)

(29)

We can now drop the prime and we find only the tree-level equation of motion remaining to this order in the fields. However we still have to tackle the problem with
the too many terms, but let us before that look at higher loop orders.
3.2. HIGHER-LOOP 3-POINT COUNTERTERMS

The formalism we have set up makes it completely straightforward to check
higher-loop (higher-derivative) counterterms. Let us try the following Ansätze for
the l-loop order


2l+1
δPκ − h = κ2l+1 ∂ +n E∂ +m h E −1 ∂ +m h 2+l l ,
a
,b
h
i
κ2l+1
2l+1 +n
+(m−1)
−1 +m
h = gs κ
∂
E∂
h E ∂ h 1+l l ,
δs
a
,b
h
i
2l+1
δs̄κ h = gs̄ κ2l+1 ∂ +n E∂ +(m−1) h E −1 ∂ +m h 2+l l−1 ,
a

,b

(30)
(31)
(32)

with n + 2m = 2l + 1. Following the calculations performed in the one-loop case
gives immediately that the only constraints are
gs = 2 i (m − l − 2) ,

gs̄ = 2 i (m − l).
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As in the one-loop case there is still one parameter m that is free. We can also redo
the same calculations as above to show that all of these terms can be absorbed in field
redefinitions using the equations of motion.
The key observation that a counterterm will be zero on-shell is that it contains
both kinds of transverse derivatives. However, when we get to the two-loop level
there is a new type of term that is consistent with the helicity constraint, namely
κ5 h ∼ ∂ 6 h̄ h̄ .
δH
For this Ansatz, one easily sees that there is no possible term with two h̄’s
5
κ
for δs h because of helicity and the numbers of allowed transverse derivatives. The
non-linear terms are hence of the form


5
δPκ − h = κ5 ∂ +n E∂ +m h̄ E −1 ∂ +m h̄ 6 ,
(34)
b
h
i
5
δs̄κ h = gs̄ κ5 ∂ +n E∂ +(m−1) h̄ E −1 ∂ +m h̄ 5 .
(35)
b

If we go through the relevant commutators with these Ansätze we find the result that
there is just one unique solution to (18)–(20). Indeed, we find
n = −3,

m = 4,

gs̄ = 4i.

Thus we have the solution
5

δPκ − h = κ5
5

1 
∂ +3

δs̄κ h = 4i κ5

E∂ +4 h̄ E −1 ∂ +4 h̄

1 
∂ +3


b6

E∂ +3 h̄ E −1 ∂ +4 h̄

,


b5

(36)
.

(37)

From its construction it is clear that this is non-zero on-shell. We do expect to find
one such counterterm since the work of Goroff and Sagnotti [2]. In a covariant Lagrangian it must correspond to a term proportional to Rµνρσ Rρστ η Rτ η µν . This term
(34) can also be extended to any loop order l by changing the |b6 to |al ,b(l+6) and
change the powers of the ∂ + ’s to get the correct dimension. Also all such counterterms can be shown to be zero on-shell with the same technique as above.
Even before we solve the problem with too many possible counterterm we have
found that an on-shell three-point function in gravity has only a singularity at the twoloop level. At any other loop-level the diverging terms will be proportional to a p2 of
any of the external legs. This is a fact known in amplitude analysis circles [17].
4. CONTAMINATION FROM HIGHER-SPIN FIELDS AND THE RESIDUAL
REPARAMETRIZATION INVARIANCE

The algebraic approach is approximate until one has computed all higher-order
terms. If we had the computational power to check higher-order terms we expect to
find that most counterterms we found at the three-point level will not survive. Remember that the transformations are non-linear and when we checked the Poincaré
RJP 58(Nos. 5-6), 485–501 (2013) (c) 2013-2013
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algebra we only did it to the three-point level. There are contributions at the fourpoint level from the counterterms, when we check the algebra, which should be
matched to linear transformations of the four-point counterterms and this goes on
ad infinitum. We know the four-point coupling [18] which was computed from the
covariant formulation. It is quite complicated and unless we can find some better
way of summarizing it, the checking of the counterterms at the four-point level is
computationally quite hard.
There is a further problem in the formalism. As seen in (9) we describe all
even-spin fields with a complex index-free field. Consider for example a spin-4 field
described covariantly by φµνρσ . In the light-frame formulation we would correspondingly have a field where the indices run over the transverse components, if we use
SO(2) as the helicity symmetry instead of U (1). Such a field has five degrees of
freedom with helicities 4, 2, 0, −2, −4. By taking a trace of this field we get the
helicity 2 and −2 field and the helicity 0 component. By taking a double trace we
get the helicity 0 field. The helicity 4 and −4 field is obtained by subtracting out
the other helicities. This is the normal procedure, but we can also get the helicity 2
and −2 components if we so wish. The field φµνρσ has naturally a three-point selfinteraction with four derivatives. Neither the helicities 4 and −4 nor the helicities
2 and −2 will be a consistent self-interacting field theory to all orders. However,
they can both have a consistent three-point coupling to this order. The one for the
helicities 2 and −2 must then be among the counterterms we found in (13).
It is now meaningless to try to explain all the unwanted counterterms in (13).
The question is if we have missed any symmetry that can be used to give a unique
answer. Indeed we have. Even if we believe that the algebraic approach will give
the unique theory given the computational needs to compute to all orders, there is
indeed a further symmetry in the lc2 formulation, the remaining gauge invariance.
This is a hint that there is more to gravity than meets the eye. Note that the light-cone
gauge choice is a physical one and hence there is no BRST symmetry in this gauge.
Let us now follow the steps from a covariant formulation to see what happens to the
reparametrization invariance.
Recall that in the covariant formulation we write the metric tensor in terms of
the gravity field as
gµν = ηµν + κ hµν ,

(38)

where hµν is symmetric. Its inverse is defined so that g µρ gρν = δ µ ν and thus yielding
g µν = η µν − κhµν + κ2 hµρ hρ ν − κ3 hµρ hρ σ hσ ν + · · · ,

(39)

where the indices for hµν are raised and lowered through η µν = diag(−, +, +, +),
e.g., hµν = η µρ η νσ hρσ .
RJP 58(Nos. 5-6), 485–501 (2013) (c) 2013-2013
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One can fix the gauge as g−− = g−i = 0, g−+ = −1, or equivalently
h+µ = 0.

(40)

This eliminates four degrees of freedom. To eliminate all the unphysical degrees of
freedom, we use equations of motion to eliminate these degrees of freedom in terms
of the physical ones. This procedure will generate higher order interactions that are
not in the covariant theory. The equation of motion that we use is Einstein equation
for vacuum, Rµν = 0 . It follows from
R−− = 0

=⇒

∂ +2 hi i = 0

(to lowest order in κ)

(41)

that hij is traceless (hi i = 0). Once the traceless condition is implemented, the
Einstein equation for each component can be summarized as, to lowest order,
∂j ij
h ,
∂+
1
R+− = 0 → h−− = +2 ∂i ∂j hij ,
∂
1
R+j = 0 →
∂i ∂ 2 hij = 0,
∂ +2
κ
Rij = 0 → − ∂ 2 hij = 0,
2
κ ∂i ∂j 2 ij
∂ h = 0,
(42)
R++ = 0 → −
2 ∂ +2
which agree with [19]. The first two equations show that the unphysical degrees
of freedom, h−i and h−− , can be replaced by the physical ones hij , and the other
equations are proportional to the equation of motion for the physical degrees of freedom, ∂ 2 hij . The higher-order terms will lead to new interaction terms in the physical
fields.
This leaves us with only two degrees of freedom, say, h11 and h12 . One then
defines
1
1
h = √ (h11 + ih12 ),
h̄ = √ (h11 − ih12 ),
(43)
2
2
or
i
1
h12 = − √ (h − h̄),
(44)
h11 = √ (h + h̄),
2
2
R−i = 0

→

h−i =

and the dynamical equations will now only contain h and h̄.
We can now ask what happens to the reparametrizations with a parameter
µ
+
ξ (x , x− , x, x̄). From the gauge fixings it is straightforward that the parameter for
the residual reparametrizations must satisfy ∂ + ξ µ = 0. It is also clear that since we
only have h11 and h12 we are only interested in transformations with the parameters
RJP 58(Nos. 5-6), 485–501 (2013) (c) 2013-2013
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¯ Finally we have to check what conξ 1,2 . As usual we combine them to ξ and ξ.
straints the equations that eliminate the unphysical degrees of freedom give us. We
find that a remaining infinitesimal reparametrization invariance is the following,
δh =

1
¯ + ξ∂h,
¯
∂ξ + ξ ∂h
2κ

(45)

where ξ satisfies
¯ = 0,
∂ξ
(46)
i.e. ξ = ξ(x̄). The transformation of h̄ is obtained by complex conjugation. We see
¯
that this is a two-dimensional reparametrization x → x + ξ(x̄) and x̄ → x̄ + ξ(x).
These look like two-dimensional conformal transformations but with x and x̄ interchanged in the transformations. Alas, this is not a transformation that can be closed
to generate a finite symmetry. This can also be seen by commuting two transforma1 ¯
tions (45). Formally it looks as if it closes with a parameter ξ12 = 2κ
(ξ2 ∂ξ1 − ξ¯1 ∂ξ2 ).
¯
However, it is obvious that this expression satisfies ∂ξ12 6= 0. Can the transformations
(45) still be used? The answer is yes.
Consider the action after the gauge choice h+µ = 0 is implemented. It can be
written as
Z
S=

d4 x (L(h, h̄) + Lalg ).

(47)

In order to get this form we have added and subtracted terms such that Lalg consists
of a sum of (infinite) quadratic expressions in the unphysical fields which are also
coupled to the physical ones. (We have completed the square). Upon a functional integration it will only contribute some determinant in ∂ + that can be disregarded. For
a detailed analysis of the corresponding action in N = 4 Yang-Mills theory, see [20].
By taking functional derivatives of L(h, h̄) we will get the equations of motion and
hence the expressions δP − h from above. Both terms of the action are invariant separately under the infinitesimal transformations (45). It is only if we want to look for
the finite symmetry in (47) that we will be led to reparametrizations with parameters
ξ µ satisfying ∂ + ξ µ = 0, and that is the true symmetry of the problem.
We are used to the fact that open algebras usually close on the equations of
motion. If we start with the transformations (45) and try to close it, we will in the
end be led to the bigger symmetry and to prove its closure we will have to use the
equations of motion for the unphysical fields as they can be derived from Lalg in the
action above. In this sense the transformations close on-shell.
Consider now adding counterterms to (47). They will be generated from the
dynamical part which is L(h, h̄) and the algebraic part Lalg will not be affected. In
the new action
Z
S = d4 x (L(h, h̄) + Lct (h, h̄) + Lalg ).
(48)
RJP 58(Nos. 5-6), 485–501 (2013) (c) 2013-2013
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Lalg is still invariant under the infinitesimal transformation (45). Hence the first two
terms L(h, h̄) + Lct (h, h̄) must also be invariant under those transformations. This
is the reason why we can use (45) to distinguish between the counterterms coming
from spin-2 and the ones coming from other spins.
4.1. REMAINING REPARAMETRIZATION INVARIANCE OF THE COUNTERTERMS

In order to select the correct counterterms we have to check which terms do
indeed satisfy the remaining reparametrization invariance. Since the infinitesimal
transformations (45) are non-linear they connect terms with different number of fields
h. The first counterterm has no lower-order term to talk to since the transformations
connect terms with the same number of derivatives. Hence it must be annihilated by
1
the inhomogeneous term δh = 2κ
∂ξ.
We start with the one-loop terms (13)


Z
 +m

+(3−2m)
−1 +m
κ3
3
4
+
E∂ h E ∂ h 3
.
(49)
δH = κ
d x δ ∂ h̄ ∂
a ,b

Consider first the case m = 0. The expression is then

Z


κ3
3
4
δH = −κ
d x δ ∂ +4 h̄ Eh E −1 h


a3 , b

.

(50)

1 ¯¯
∂ ξ that that term will be zero since ∂ + ξ¯ = 0. The term
We see that varying δ h̄ = 2κ
to worry about inside the coherent state-like expression is when one gets terms with
∂ξ, that is not multiplied by ∂¯ or/and ∂ + . In the expansions of the coherent state-like
expression we see that such terms occur and this term is not invariant. We easily see
that we need m ≥ 2. Consider so the case m = 2. In this case the term to worry about
is the variation of h̄. It is now not multiplied by a ∂ + . We are hence left with a term
Z


1
3
δH κ = − κ2 d4 x ξ¯ E∂ +2 h E −1 ∂ +2 h 3 .
(51)
2
a ,b

Here both ∂ and ∂ + can be partially integrated and we see that the terms we get by
expanding the expression inside the bracket can be partially integrated to cancel each
other pairwise. In the case m > 2 we cannot partially integrate ∂ + and the expression
is easily seen to be non-zero. We have hence seen that there is only one one-loop
counterterm that is consistent with the residual reparametrization invariance, namely
Z


κ3
3
H = −κ
d4 x h̄ E∂ +2 h E −1 ∂ +2 h 3 ,
(52)
a ,b

or in the “equation of motion” from (13)
 +2

κ3
3 1
−1 +2
δP
E∂
h
E
∂
h
−h = κ
∂+
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The fact that only one term survives might look a bit puzzling at the first moment. We
know and have argued earlier in the paper that there should be two terms. However
if we consider the two terms R2 and Rµν Rµν and reduce them to the lc2 formulation
we will find that they contain the same three-point coupling. They only differ in
higher-order terms. Hence we have understood the counterterms at the one-loop
level.
At the two-loop level we only found one possible term with six transverse
derivatives which is non-zero on-shell. This term must then satisfy the correct remaining reparametrization. Here we give explicitly that calculation. The variation
on two-loop counterterm that we found (36) is
Z
h
i
1
5
δH κ = κ5 d4 x +2 δ h̄ E∂ +4 h̄E∂ +4 h̄ 6
(54)
∂
b
Z

1
∂6
∂5
4
∼κ
d4 x +2 ∂¯ξ¯ 2∂ +4 h̄ +2 h̄ − 12∂ +3 ∂ h̄ + h̄
∂
∂
∂

+2 2
4
+ 3
+ 3
+30∂ ∂ h̄∂ h̄ − 20∂ ∂ h̄∂ ∂ h̄ .
(55)
The invariance of this counterterm under the inhomogenous part of the variation of
the remaining gauge transformation can be seen from repeated use of partial integration with respect to 1/∂ + . Cancellation of terms follows from that the coefficients of
each term above come binomial expansion. An elegant way to see this is to use the
identities of the coherent-like forms. Using the identity
h
i
i
1 h
(56)
E −1 Ef1 f2 6 = +p Ef1 E −1 ∂ +p f2 6 ,
∂
b
b
one can re-express (54) as
Z
1 ¯ −1 +6 h +4 1 i
5
κ
d4 x +2 ∂¯ξE
∂
E∂ h̄ +2 h̄ 6 .
∂
∂
b
After the integrations by parts, it becomes
Z
 1
h
1 i
5
κ
d4 xE −1 ∂ +6 +2 ∂¯ξ¯ E∂ +4 h̄ +2 h̄ 6 ,
∂
∂
b

(57)

(58)

¯
which vanishes because of the gauge constraint ∂ + ξ¯ = 0 = ∂ ∂¯ξ.
5. SOME CONSEQUENCES FROM THE VIRASORO-LIKE SYMMETRY

In the previous sections we have argued that the transformations (45) is important in order to find the form for the counterterms. We will here show that it has
further consequences also for the form of the Hamiltonian. Introduce the following
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“covariant derivatives”
i
2κ h ¯ +2
∂¯
+3
Dh̄ = ∂ h̄ + +2 h∂∂ h̄ − + h∂ h̄ + O(h3 ),
∂
∂
h
i
2κ
∂
+2
+3
¯ +
D̄h = ∂h
h̄∂∂
h
−
h̄∂
h
+ O(h3 ).
∂ +2
∂+
We can then write the Hamiltonian at least up the to three-point level as
Z
−
H = P = d4 xDh̄D̄h.

(59)
(60)

(61)

We expect it to be true to all orders. We can check that D̄h transforms covariantly
under (45). Since the transformation parameter ξ satisfies ∂ + ξ = 0 we can easily
see that the transformations do not uniquely determine the form of the “covariant
derivatives”, since different powers of ∂ + properly distributed can give terms that
transform the same. To select between them we have to check the transformations
under the Poincaré transformations.
We could use this form in the functional integral and derive expressions for the
S-matrix to see if they have a better UV-property than what meets the eye from power
counting. We might come back to it but since we know that gravity is diverging in
the UV we will instead use our knowledge and take it over to the N = 8 Supergravity
theory.
6. EXTENSION TO N = 8 SUPERGRAVITY

It would take us too far to in detail to also do the same programme for the N = 8
Supergravity theory in this paper. Here we will just sketch how this programme will
work and be content to show that there are no three-point counterterms in this theory,
a fact which has been known since the early days of supergravity [21]. The detailed
work to look for higher-point counterterms will be delayed to future papers. We begin
by giving a brief overview of the light-frame formulation of the N = 8 theory [13,15].
To formulate N = 8 Supergravity on the light-cone, one considers the superspace spanned by eight Grassmann variables, θm and their complex conjugates θ̄m
(m = 1, ..., 8), on which SU (8) acts linearly. The chiral derivatives are defined as
dm ≡ −

∂
i
∂
i
− √ θm ∂ + , d¯m ≡
+ √ θ̄m ∂ + ,
m
∂θ
∂ θ̄m
2
2

(62)

which satisfy canonical anticommutation relations
 m
d , d¯n

√
= − i 2δ m n ∂ + .

(63)

The 256 physical degrees of freedom of N = 8 Supergravity are the spin-2 graviton
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h and h, eight spin- 32 gravitinos ψ m and ψ m , twenty eight vector fields

1
1
2
+ i Bmn
,
(64)
B mn ≡ √ Bmn
2
and their conjugates, fifty six gauginos χmnp and χmnp , and finally seventy real
scalars
1
Dmnpq = mnpqabcd Dabcd .
(65)
4!
They are all contained in one constrained chiral superfield
φ(y) =

1
∂

+2

h (y) + i θm

1
+2

ψ m (y) + i θmn

1
B mn (y)
∂+

∂
1
− θmnp + χmnp (y) − θmnpq Dmnpq (y) + iθe mnp χmnp (y)
∂
2
e
+ iθ mn ∂ + B mn (y) + θe m ∂ + ψ m (y) + 4 θe∂ + h̄ (y),

(66)

where the bar denotes complex conjugation, and
1 a1 a2
θ θ · · · θan , θe a1 a2 ...an = a1 a2 ...an b1 b2 ...b(8−n) θb1 b2 ···b(8−n) . (67)
n!
Here one uses the chiral coordinates
i
y = (x, x̄, x+ , y − ≡ x− − √ θm θ̄m )
(68)
2
θa1 a2 ...an =

so that φ and its complex conjugate φ satisfy the chiral constraints
dm φ = 0,

dm φ = 0.

(69)

The complex chiral superfield is related to its complex conjugate by the inside-out
constraint
1
φ =
d1 d2 · · · d8 φ,
(70)
4 ∂ +4
in accordance with the duality condition of Dmnpq (65).
It is now straightforward to see that there are no three-point counterterms in
this theory. Remember that the two-loop counterterm in gravity is of the form
δP− h ∼ h̄ h̄.

(71)

If there were a similar counterterm in N = 8 Supergravity it must be of the form
δP− φ ∼ φ̄ φ̄.

(72)

However such an expression does not satisfy the chirality constraint (69).
As shown in [15] the integrated Hamiltonian can be written as a quadratic form
Z
1
−
(73)
H = P = d4 x d8 θ d8 θ̄ δq− φ 3 δq− φ,
∂+
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where δq− φ is the dynamical supersymmetry transformation of the superfield φ. This
is one of the non-linear transformations of the superPoincaré algebra. Besides that, it
commutes with the E7 transformations [15]. We can now look for counterterms in the
transformation δq− φ that besides transforming correctly under the full superPoincaré
algebra and commutes with the E7 transformations also satisfies the conditions given
by the remaining gauge invariance. Since it is only the non-linear term that is important for the lowest lying counterterm it means that we should demand that it is
annihilated by
δh = ∂ξ,

(74)

δψ m = ∂¯
m

(75)

δB mn = ∂ Λ̄mn .

(76)

but also
and
These conditions can be cast into a superspace language and the whole procedure can be done in superspace. We will come back to a more detailed study in the
future.
7. CONCLUSION

In this paper we have studied possible counterterms for ordinary gravity in
the light-front formulation, the lc2 formulation (the light-cone gauge formulation),
which only contains the physical degrees of freedom, the helicity 2 field h(x) and the
helicity −2 field h̄(x). This formalism is a non-linear representation of the Poincaré
algebra and all the generators that take us forward in the time x+ get non-linear contributions. We find that by making general Ansätze for the non-linear terms that the
closure of the algebra is not enough to select the possible counterterms. We understand this as a “contamination” of higher-spin fields with helicities 2 and −2 that
can show up at this stage of the calculation. We hence need some kind of symmetry
to select the correct gravity terms. In principle the lc2 formulation is a fully gauge
fixed one. However, we can find an infinitesimal local transformation in the transverse plane under which the Hamiltonian is invariant. We can then understand that
this transformation is part of the remaining reparametrization invariance, which exist
after the gauge condition is chosen. In order to see the full invariance one has to add
back all the unphysical degrees of freedom to the action. However, we can argue that
it is enough to check the infinitesimal transformations since the addition of the counterterms does not change the part of the action which is quadratic in the unphysical
fields. Hence also the counterterms should be invariant under the infinitesimal local
transformations.
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Perturbative quantum gravity in the Minkowski space clearly demands more
than the classical theory. Computing a certain S-matrix element to a certain looporder will only include terms up to a certain order in the expansion. Our formulation
is unitary, causal and Poincaré invariant. By just using these criteria we do not get a
unique result. This shows that gravity in Minkowski space contains more than just
a unitary, causal and Poincaré invariant theory of spin-2 particles. This is clearly
important for the quantum properties of the S-matrix.
We have also shown how to take this formalism to the N = 8 Supergravity
theory and we have sketched on how to check for possible counterterms in that theory.
We intend to come back to that issue in the future.
This lecture is based on a paper [22].
REFERENCES
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.

G. ’t Hooft, M. Veltman, Ann. Poincare Phys. Theor. A20, 69 (1974).
M. H. Goroff, A. Sagnotti, Nucl. Phys. B266, 709 (1986).
S. Mandelstam, Phys. Lett. B277, 82 (1992).
N. Berkovits, JHEP 0409, 047 (2004).
Z. Bern, J. J. Carrasco, L. J. Dixon, H. Johansson, R. Roiban, Fortsch. Phys. 59, 561 (2011).
Z. Bern, J. Carrasco, L. Dixon, H. Johansson, R. Roiban, Phys. Rev. D85, 105014 (2012).
P. S. Howe, U. Lindstrom, Nucl. Phys. B181, 487 (1981).
G. Bossard, P. Howe, K. Stelle, P. Vanhove, Class. Quantum Grav. 28, 215005 (2011).
J. Bjornsson, M. B. Green, JHEP 1008, 132 (2010).
L. Brink, O. Lindgren, B. E. W. Nilsson, Phys. Lett. B123, 323 (1983).
S. Mandelstam, Nucl. Phys. B213, 149 (1983).
A. K. H. Bengtsson, I. Bengtsson, L. Brink, Nucl. Phys. B227, 31 (1983).
A. K. H. Bengtsson, I. Bengtsson, L. Brink, Nucl. Phys. B227, 41 (1983).
G. Leibbrandt, Phys. Rev. D29, 1699 (1984).
L. Brink, S.-S. Kim, P. Ramond, JHEP 0806, 034 (2008).
L. Brink, S.-S. Kim, JHEP 1012, 059 (2010).
Private discussions with Lance Dixon.
I. Bengtsson, M. Cederwall, O. Lindgren, “Light Cone Actions for Gravity and Higher Spins: Some
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