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Abstract. In this work we have considered a quintom cosmological model with
generalised Galileon corrections in the scalar tensor theories of gravitation. After
proposing the corresponding action of the cosmological model we have deduced the
Klein–Gordon equations and the modified Friedmann relations. By introducing the
auxiliary variables we have described the evolution of the model as an autonomous dynamical system of differential equations for generalised power–law coupling functions.
Assuming various initial conditions we have analyzed the dynamical features of the
phase space, obtaining the numerical evolution of the effective equation of state and the
density parameters, respectively. It is observed that for different initial conditions the
system evolves from an initial phantom epoch towards a de–Sitter stage in which the
model behaves closely to a cosmological constant, approaching the phantom divide line
boundary from bellow asymptotically.
Key words: General relativity and cosmology, Scalar fields in curved
space–time.

1. INTRODUCTION

The nature and the particularities of the dark energy phenomenon which is responsible to the accelerated expansion of the Universe [1, 2] are currently unknown
questions in the modern cosmological theories. After the discovery of the accelerated
expansion at the end of the last millennium by different independent collaborations,
many studies have confirmed the validity of such observations. The discovery of
the accelerated expansion lead to a fruitful development of the scalar tensor theories of gravitation [3] which can explain the dynamics of the Universe and the large
scale behavior of the expansion rate. The ΛCDM cosmological model represents the
most simple solution to the problem of the accelerated expansion, by embedding a
cosmological constant Λ into the action [4], leading to a constant equation of state.
Although this model represents a possible solution to the dark energy problem [5],
it suffers from a series of inconsistencies [6–8] and cannot explain the dynamical
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evolution of the dark energy equation of state and the redshift dependence. In this regard, various observational studies [9, 10] have showed that the barotropic parameter
associated to the dark energy equation of state presents a redshift sensitivity, crossing
the phantom divide line or the cosmological constant boundary. The crossing [11]
over the cosmological constant boundary by the dark energy equation of state represents a fundamental effect associated to the quintom cosmologies which might add
an unstable feature to the theoretical aspects [12].
A specific attempt which can explain the accelerated expansion as a dynamical effect in the context of scalar tensor theories of gravitation is represented by the
quintom cosmologies [10, 13, 14]. Within these theories the dark energy sector is
represented by the inclusion in the corresponding action of two scalar fields [15–17]
with opposite kinetic terms, a canonical field called quintessence [18], together with
a negative kinetic one (non-canonical), a phantom model [19, 20] with a pathological
construction [21] which violates the null energy conditions. The cosmological theories based on quintessence models represent a well established direction [22, 23],
leading to a non–constant dark energy equation of state above the phantom divide line
(cosmological constant boundary) which can explain the evolutionary aspects of the
dark energy equation of state in a non–pathological manner. Despite the inclusion of
a pathological feature [24] due to the existence of the phantom scalar field leading to
the violation of the null energy condition, the quintom scenarios are consistent with
astrophysical observations [10, 13, 14]. For the quintom cosmologies [14] a no-go
theorem have been developed recently [25], which can explain the specific crossing
over the cosmological constant boundary as a physical effect of the superposition
between two scalar fields associated, as two degrees of freedom. The conceptual
approach based on quintom scenarios have been an active direction of study in the
recent years [26–34], leading to the construction of various non–minimal coupling
scalar tensor theories [35–41].
In Marciu et al. [42], in a theoretical framework based on scalar tensor theories,
a new quintom dark energy model have been studied by linear stability methods,
assuming specific Galileon corrections terms [43] added to the scalar fields. It was
shown that the trajectories in the phase space structure can explain the existence of
the accelerated expansion and the late time evolution as a cosmological constant. In
the scalar tensor theories of gravitation the implications of the non–minimal Galileon
correction terms have been studied in various analyses [44–47].
In the present paper, we further generalize our previous work [42] which analyzed a quintom model non–minimally coupled with Galileon corrections terms. The
model and the corresponding Klein–Gordon equations with the modified Friedmann
relations are presented in Section 2. Then, in Section 3 we introduce specific auxiliary variables and discuss the dynamical properties of the model by adopting a
numerical approach. Finally, the physical interpretations of the results and the final
(c) RJP65(Nos. 7-8), ID 115-1 (2020) v.2.2r20191120 *2020.9.8#062b9f80

3

Quintom cosmology with generalized Galileon corrections

Article no. 115

concluding remarks are presented in the last section.
2. THE GENERALIZED QUINTOM MODEL AND THE FIELD EQUATIONS

In this work we shall extend our previous quintom cosmological model [42]
with Galileon corrections to generalised nonminimal coupling functions, proposing
a scenario with the following action:
Z
S=

4

√

d x −g

"

1
1
1
R − gµν ∇µ φ∇ν φ + gµν ∇µ σ∇ν σ
2
2
2
#
2

2

− g(φ)(∇φ) φ − h(σ)(∇σ) σ − V1 (φ) − V2 (σ) + Sm , (1)
where we have defined the operators: (∇φ)2 = gµν ∇µ φ∇ν φ and φ = gµν ∇µ ∇ν φ.
In what follows we consider the case of the Friedmann-Robertson-Walker-Lemaı̂tre
metric (with a(t) the scale factor, t the cosmic time and H = ȧ/a the Hubble parameter):
"
#
2
dr
ds2 = −dt2 + a2 (t)
+ r2 (dθ2 + sin2 θdφ2 ) ,
(2)
1 − kr2
assuming the case of a flat space (k = 0) [48]. If we consider the variation of the
relation (1) which describes the corresponding action for our model with respect to
the inverse metric g µν we can obtain the following modified Friedmann equations
[42, 46, 47]:
1
1
3H 2 = ρm + φ̇2 − σ̇ 2 + V1 (φ) + V2 (σ) − 3gH φ̇3 − 3hH σ̇ 3
2
2
1 dg 4 1 dh 4
+
φ̇ +
σ̇ , (3)
2 dφ
2 dσ
1
1
2Ḣ + 3H 2 = −pm − φ̇2 + σ̇ 2 + V1 (φ) + V2 (σ) − g φ̇2 φ̈ − hσ̇ 2 σ̈
2
2
1 dg 4 1 dg 4
−
φ̇ −
σ̇ , (4)
2 dφ
2 dσ
where the dot(s) represents differentiation with respect to the cosmic time.
For this particular action in eq. (1) the evolution of the scalar fields (the quintessence
and the phantom, respectively) is described by the following Klein–Gordon equations
[42, 46, 47]:
dg 2
1 d2 g 4
dV1
φ̇ − 3g φ̇(3H 2 φ̇ + Ḣ φ̇ + 2H φ̈) +
φ̇ φ̈ +
= 0,
(5)
dφ
2 dφ2
dφ
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dh 2
dV2
1 d2 h 4
σ̇ − 3hσ̇(3H 2 σ̇ + Ḣ σ̇ + 2H σ̈) +
σ̇ σ̈ +
= 0. (6)
dσ
2 dσ 2
dσ
In our representation φ is the quintessence (canonical) field and σ the non–canonical
(phantom) scalar field with a pathological behavior from the negative kinetic term.
For the matter sector we assume the case of the perfect fluid [48] with the
energy momentum tensor:
−σ̈ − 3H σ̇ + 2

Tµν = (ρm + pm )uµ uν + pm gµν ,

(7)

which implies that the evolution is dictated by the following continuity equation:
ρ̇m + 3H(ρm + pm ) = 0,

(8)

taking into account a barotropic equation of state:
pm = wm ρm .

(9)

In our calculations we shall consider that the matter component represents a pressure–
less fluid (wm = 0), a viable scenario from an astrophysical point of view which will
simplify further many computations.
Furthermore, from the modified Friedmann identities (the constraint equation
(3) and the acceleration relation (4), respectively) we can define the energy density
for the dark energy field:
1
1 dg 4 1 dh 4
1
φ̇ +
σ̇ , (10)
ρde = φ̇2 − σ̇ 2 + V1 (φ) + V2 (σ) − 3gH φ̇3 − 3hH σ̇ 3 +
2
2
2 dφ
2 dσ
and the corresponding pressure:
pde =

1 2 1 2
1 dg 4 1 dh 4
φ̇ − σ̇ − V1 (φ) − V2 (σ) + g φ̇2 φ̈ + hσ̇ 2 σ̈ +
φ̇ +
σ̇ . (11)
2
2
2 dφ
2 dσ

We can then define the dark energy equation of state as a barotropic parameter:
1 2
1 2
1 dg 4
1 dh 4
2
2
pde
2 φ̇ − 2 σ̇ − V1 (φ) − V2 (σ) + g φ̇ φ̈ + hσ̇ σ̈ + 2 dφ φ̇ + 2 dσ σ̇
= 1
,
2 − 1 σ̇ 2 + V (φ) + V (σ) − 3gH φ̇3 − 3hH σ̇ 3 + 1 dg φ̇4 + 1 dh σ̇ 4
ρde
φ̇
1
2
2
2
2 dφ
2 dσ
(12)
and the total (effective) equation of state:
pm + pde
weff =
.
(13)
ρm + ρde

wde =

By introducing the relations for the matter density parameter
ρm
Ωm =
,
(14)
3H 2
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and the dark energy density parameter:
ρde
,
(15)
3H 2
we can obtain the Friedmann constraint equation in the following standard form:
Ωde =

Ωm + Ωde = 1.

(16)

Finally we introduce the definition of the deceleration parameter
ä
aH 2
which will be subsequently analyzed in the next section.
q=−

(17)

3. DYNAMICAL EVOLUTION OF THE QUINTOM MODEL

In this section we shall investigate the dynamical properties of the model in
the case where the coupling functions have a power law behavior [47], g(φ) = g0 φn ,
h(σ) = h0 σ m with g0 , h0 , m, n constant parameters. For this specific case it is then
convenient to introduce the following auxiliary variables [47]:
φ̇
√ ,
H 6
p
V1 (φ)
√ ,
b=
H 3
a=

c = g(φ)H φ̇,
d=

1
,
φ

σ̇
√ ,
H 6
p
V2 (σ)
√ ,
f=
H 3
e=

p = h(σ)H σ̇,

(18)

(19)
(20)
(21)
(22)
(23)
(24)

1
.
(25)
σ
Concerning the potential energy we shall take into account an usual decomposition V (φ, σ) = V1 (φ) + V2 (σ) into exponential functions, V1 (φ) = V10 eλ1 φ , V2 (σ) =
r=

(c) RJP65(Nos. 7-8), ID 115-1 (2020) v.2.2r20191120 *2020.9.8#062b9f80

Article no. 115

M. Marciu et al.

6

V20 eλ2 σ , where V10 , V20 , λ1 , λ2 are positive constant parameters. This specific decomposition of the potential energy is in general usually considered in many recent
quintom models [14]. If we further change the time variable to N , where N = log(a),
then by linearization we can approximate the evolution of the field equations (3), (4),
(5), (6) with the following autonomous dynamical system:
∂a
aḢ
φ̈
=− 2 +√
,
∂N
H
6H 2
r
∂b
3
bḢ
=−
λ1 ab − 2 ,
∂N
2
H
√
∂c
cḢ
cφ̈
,
= 6nacd + 2 + √
∂N
H
6aH 2
√
∂d
= − 6ad2 ,
∂N
eḢ
σ̈
∂e
,
=− 2 +√
∂N
H
6H 2
r
∂f
3
f Ḣ
=−
λ2 ef − 2 ,
∂N
2
H

(26)

(27)
(28)
(29)
(30)
(31)

√
pσ̈
∂p
pḢ
= 6mepr + 2 + √
,
(32)
∂N
H
6aH 2
√
∂r
= − 6er2 .
(33)
∂N
Within these equations, φ̈, σ̈, Ḣ are determined by the Klein–Gordon relations
(5), (6) and the acceleration equation (4), respectively, in the case of a pressure–less
matter component (wm = 0):
√
√
√
√
0 = 3 6a3 cd2 H 2 (n − 1)n + 2 6acdnφ̈ − 9 6acH 2 − 3 6acḢ
√
+ 3 6aH 2 − 3b2 H 2 λ1 − 6cφ̈ + φ̈, (34)
√
√
√
√
0 = 3 6e3 H 2 (m − 1)mpr2 − 9 6eH 2 p − 3 6eH 2 − 3 6epḢ
√
+ 2 6emprσ̈ − 3f 2 H 2 λ2 − 6pσ̈ − σ̈, (35)
√
√
√
2Ḣ = −6 6a3 cdH 2 n + 18a2 cH 2 − 6a2 H 2 − 6acφ̈ − 6 6e3 H 2 mpr
√
+ 18e2 H 2 p + 6e2 H 2 − 6epσ̈ − 3H 2 Ωm . (36)
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Finally, the Friedmann constraint equation is reduced to the following relation:
√
√
Ωm = − 6a3 cdn + 6a2 c − a2 − b2 − 6e3 mpr + 6e2 p + e2 − f 2 + 1. (37)
q

weff
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Fig. 1 – The numerical evolution of the effective equation of state weff for various initial conditions
with respect to N , the logarithm of the cosmic scale factor (left panel); the variation of the corresponding deceleration parameter q (right panel). We have considered the following values for the parameters:
m = 3, n = 2, λ1 = 1, λ2 = 1, wm = 0.
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Fig. 2 – The evolution of the density parameters associated to the matter and dark energy fluids for
different initial conditions: the variation of the dark energy density parameter Ωde (left panel); b) the
behavior of the matter density parameter Ωm (right panel).

As can be noted, the dynamics of the system for this specific case is reduced
to an 8–dimensional autonomous system of differential equations. Due to the high
complexity of the phase space, we shall rely the investigation of the dynamical features only on non–exhaustive numerical evaluations of the autonomous system for
various initial conditions, analyzing the behavior of the effective equation of state,
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the deceleration parameter, the matter and dark energy density parameters, respectively. We have displayed in Figure 1 the behavior of the effective equation of state
weff for our model with respect to the logarithm of the cosmic scale factor N and the
corresponding deceleration parameter q. From these figures it is observed that initially the effective equation of state corresponds to a super–accelerating phase with
a phantom pathological behavior and the dynamical system evolves asymptotically
from bellow near a de–Sitter epoch. For higher values of the cosmic scale factor, the
present quintom model behaves ultimately closely as a cosmological constant. Furthermore, in Figure 2 the evolution of the density parameters associated to the matter
and dark energy fluids for different initial conditions are displayed. It is observed
that for various initial values of the density parameter the system evolves toward a
de–Sitter epoch where the effective equation of state closely mimics the behavior of
a cosmological constant, an era characterized by the domination of the dark energy
density parameter Ωde over the matter density parameter Ωm .
4. CONCLUSIONS

Within this paper a new cosmological scenario is proposed in the scalar tensor
theories of gravitation by extending our previous work which consisted in a quintom
model with nonminimal Galileon corrections, to generalised coupling functions in
the corresponding action. In this case we have deduced the resulting Klein–Gordon
and modified Friedmann relations, obtaining the basic equations which describe the
evolution of the corresponding cosmological model. Assuming power–law behavior
for the nonminimal coupling functions we have introduced the auxiliary variables in
which the dynamics can be described by an 8 dimensional autonomous system of differential equations. Due to the high complexity of the phase space we have relied our
analysis only to a numerical approach, analyzing the dynamical features of the phase
space structure. We have solved numerically the autonomous dynamical system by
considering different initial conditions, obtaining the evolution for the effective equation of state, the matter and dark energy density parameters, respectively. For various
initial conditions the system evolves from a phantom regime with a super–negative
equation of state towards a stage where the dark energy dominates completely the
cosmic picture in terms of density parameters, mimicking a cosmological constant
behavior, a de–Sitter regime which is attained asymptotically.
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